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This paper is dedicated to the study of interactions between external sources for the electromag-
netic field in a model which exhibits Lorentz symmetry breaking. We investigate such interactions in
the CPT-even photon sector of the Standard Model Extension (SME), where the Lorentz symmetry
breaking is caused by a background tensor K(F )αβστ . Since the background tensor is very tiny, we
treat it perturbatively up to first order and we focus on physical phenomena which have no counter-
part in Maxwell electrodynamics. We consider effects related to field sources describing point-like
charges, straight line currents and Dirac strings. We also investigate the so called Aharonov-Bohm
bound states in a Lorentz-symmetry breaking scenario. We use atomic experimental data to ver-
ify if we could impose upper bounds to the Lorentz-symmetry breaking parameters involved. We
also use some overestimated constrains for the Lorentz-symmetry breaking parameters in order to
investigate if the obtained results could be relevant for condensed matter systems.
PACS numbers:
I. INTRODUCTION
The Lorentz-symmetry breaking is a promising pros-
pect for experimental detection of new physics at the
Planck scale, and the field theoretic approach turns out
to be the best way to describe the physics in this context
[1, 2]. The comprehensive realistic effective field the-
ory for Lorentz and CPT violation incorporating both
the Standard Model (SM) and General Relativity is the
Standard-Model Extension (SME) [3, 4]. The SME is a
general framework which helps to develop investigations
concerning the breaking of Lorentz and CPT symmetries
in attainable energy scales.
The photon sector of the SME is composed by
a CPT-even and a CPT-odd part. The CPT-odd
sector is given by the Carroll-Field-Jackiw model
∼ kµε
µνρσAνFρσ , whose properties were investigated,
firstly, in Ref.[5]. The CPT-even sector is given by the
term ∼ FαβK(F )αβστF
στ , where the background tensor
K(F )αβστ has nineteen independents components, with
ten of them being sensitive to birefringence and nine be-
ing nonbirefringent [6, 7]. The nonbirefringent compo-
nents can be studied from experimental tests involving
the Cherenkov radiation [8–11]. The birefringent com-
ponents are strongly limited through astrophysical tests
involving data of cosmological sources [12].
The photon sector of the SME has been extensively
investigated in literature. We can mention, for instance,
the vacuum emission of Cherenkov radiation [13–15],
modifications on the Casimir effect [16, 17], studies con-
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cerning the radiative generation of the CFJ term [18–22],
modifications in the dispersion relations [23–31], effects
on the classical electrodynamics [32–36], effects induced
in the hydrogen atom [37], the photon field quantization
[38–40], effects of Aharonov-Bohm type [41–43] and so
on.
One of the most fundamental questions one can make
about models with Abelian gauge fields which exhibit ex-
plicit Lorentz-symmetry breaking concerns on the physi-
cal phenomena produced by the presence of external field
sources, mainly on the phenomena with no counterpart in
the Maxwell electrodynamics. Studies of this kind were,
recently, performed in literature in reference [33], where
it was considered a Lorentz-symmetry breaking from the
CPT-even sector of the SME, and in reference [44], where
it was considered a Lorentz-symmetry breaking model
with higher order derivatives in the field variables. Field
sources in Lorentz-symmetry breaking scenarios were also
considered for the graviton field [45].
In this paper we search for new effects produced by the
presence of field sources in the CPT-even photon sector
of the SME, where the background tensor K(F )αβστ is
responsible for introducing the Lorentz-symmetry break-
ing. We perform our analysis in a similar manner that
was employed in Ref’s [33, 44] and we treat the back-
ground tensor up to the leading order by using stan-
dard perturbative methods of Quantum Field Theory.
We show that our results are in agreement with the ones
of Ref. [33] if we write the background tensor K(F )αβστ
as a function of a single background vector vµ (as in Ref.
[33]) and if we take the results of Ref. [33] in lowest order
in vµ. We also show that new results, not yet explored in
the literature, emerge from the considered model when
we take examples where the background tensor cannot
be written as a function of a single background vector.
2Specifically, we show that it emerges a spontaneous
torque on a classical electromagnetic dipole and an in-
teraction between a steady straight line current and a
point-like charge. We investigate some phenomena due
to the presence of a Dirac string and show that the string
can interact with a point charge as well as with a straight
steady line current in the Lorentz-symmetry breaking
scenario considered. We compute the electromagnetic
field produced by the string.
In connection with the results related to Dirac strings,
we make a study concerning the Aharonov-Bohm bound
states of the 2-dimensional quantum rigid rotor. We ob-
tain the corrections to the energy levels, of this system,
induced by the presence of the background tensor for an
ilustrative and specific example.
Some of the results obtained along the paper are com-
pared with experimental atomic data in order to stablish
upper bounds to the Lorentz-symmetry breaking parame-
ters. We also make numerical estimates in order to inves-
tigate the relevance of the obtained results in condensed
matter systems.
The paper is structured as follows; in Section (II) we
describe some general aspects of the model used along the
paper and compute the contribution, due to the sources,
to the ground state energy of the system. In Section
(III) we consider effects due to the presence of point-
like stationary charges. In Section (IV) we obtain the
interaction energy between a steady line current and a
point-like stationary charge. Section (V) is dedicated to
the study of physical phenomena due to the presence of
one Dirac string. In the section (VI) we calculate the
corrections to the so called Aharonov-Bohm bound states
of a 2-dimensional quantum rigid rotor. Section (VII) is
dedicated to our final remarks and conclusions.
Along the paper we shall deal with models in 3 + 1
dimensional space-time and use Minkowski coordinates
with diagonal metric ηµν = (+,−,−,−).
II. THE MODEL
The CPT-even part of the SME gauge sector is de-
scribed by the following Lagrangian
L = −
1
4
FµνF
µν −
1
2ξ
(∂µA
µ)
2
−
1
8
K(F )αβστF
στFαβ
+JµAµ , (1)
where Aµ is the photon field, Fµν = ∂µAν − ∂νAµ is
the field strength, Jµ is the external source, ξ is a gauge
parameter and K(F )αβστ is a dimensionless background
tensor responsible for the Lorentz-symmetry breaking.
The tensor K(F )αβστ has the same symmetries as the
Riemann tensor
K(F )αβστ = K(F )σταβ ,
K(F )αβστ = −K(F )βαστ = −K(F )αβτσ = K(F )βατσ ,
K(F )αβστ +K(F )ατβσ +K(F )αστβ = 0 , (2)
and a null double trace
Kµν(F ) µν = 0. (3)
The generating functional for the model (1) can be
written in the following way [46]
Z =
∫
DA exp
(
i
2
∫
d4x AµK(F )µανβ∂
α∂βAν
)
× exp
{
i
∫
d4x
[
1
2
Aµ
(
ηµν∂α∂
α
−
(
1−
1
ξ
)
∂µ∂ν
)
Aν + J
µAµ
]}
. (4)
Since the background tensor is very tiny, let us treat
it perturbatively up to first order.
By using standard methods of quantum field theory,
we perform the substitution [46]
Aµ (x)→
1
i
δ
δJµ (x)
, (5)
for the Lorentz violating term (first line in Eq. (4)) and
expand it, up to first order, in such a way that
Z =
[
1−
i
2
∫
d4x
(
δ
δJµ
)
Kµανβ(F ) ∂α∂β
(
δ
δJν
)]
Z0, (6)
where δ/δJµ (x) stands for functional derivative with re-
spect to the external source, Z0 is the free generating
functional for the electromagnetic field [46]
Z0 = exp
[
−
i
2
∫ ∫
d4y d4z Jρ (y)∆ργ(y, z)J
γ (z)
]
,(7)
and ∆ργ(y, z) is the free photon propagator
∆ργ(y, z) = −
∫
d4p
(2π)4
1
p2
[
ηργ − (1− ξ)
pρpγ
p2
]
× exp[−ip · (y − z)] . (8)
The ground state energy of any quantum system can be
written in terms of the generating functional, as follows
[46]
E =
i
T
lnZ , (9)
where T is the time variable and it is implicit the limit
T →∞.
Substituting Eq. (7) in (6), acting with the functional
derivatives and using Eq. (9) we obtain
E =
i
T
lnZ0 −
i
2T
K(F )µανβ
∫
d4x ∂α∂β∆µν (x, x)
−
1
2T
K(F )µανβ
∫ ∫
d4y d4z Jρ (y)Jγ (z)
×
∫
d4x
(
∂α∂β∆νρ (x, y)
)
∆µγ (z, x) , (10)
3where we used the approximation ln(1 + x) ∼= x.
The first term on right hand side of Eq. (10) is the
energy of the field in the absence of the background ten-
sor, which is well known in literature [47, 48]. We can
neglected the second term on the right hand side of Eq.
(10) since it does not depend on the external sources and,
therefore, does not contribute to the interaction energy
between field sources. The third term is a contribution
to the interaction energy due to the Lorentz-symmetry
breaking. Then, the energy of our quantum system due
to the presence of the external source is given by the sum
of the first and third terms in Eq. (10).
Substituting Eq. (8) in the third term of Eq. (10), us-
ing the gauge where ξ = 1, acting with the differential op-
erators and using the Fourier representation for the Dirac
delta function δ4 (p− p′) =
∫
d4x/ (2π)
4
e−ix·(p−p
′), we
obtain ∫
d4x
(
∂α∂β∆νρ (x, y)
)
∆µγ (z, x)
= −ηνρη
µ
γ
∫
d4p
(2π)4
pαpβ
p4
exp [−ip(z − y)] . (11)
Now, using Eq’s (7) and (11), the total interaction energy
between external sources, up to the leading order in the
background tensor, reads
E =
1
2T
∫ ∫
d4y d4z Jγ (z)Dγρ (z, y)J
ρ (y) ,(12)
where we defined the propagator,
Dγρ (z, y) =
∫
d4p
(2π)4
[
−
ηγρ
p2
+K(F )γαρβ
pαpβ
p4
]
× exp [−ip · (z − y)] . (13)
From expression (12) we can compute the interaction
energy between field sources up to first order in the back-
ground tensor K(F )γαρβ. It includes effects due to bire-
fringent components as well as the nonbirefringent com-
ponents of the background tensor. The exact propagator
due to the CPT-even sector was studied in reference [33]
for the very restrict case where the background tensor
K(F )µναβ was wrritten as a function of a single back-
ground vector vµ = (v0,v), as follows
K(F )µναβ = ηµαvνvβ − ηναvµvβ + ηνβvµvα − ηµβvνvα ,
(14)
where it can be easily verified that this specific example
satisfies the conditions (2) and (3).
III. POINT-LIKE CHARGES
In this section we study the interaction energy between
two stationary point-like charges following the same ap-
proach employed in Ref’s [33, 44, 47, 48]. The external
source which describes this system is given by
JCCρ (y) = q1η
0
ρδ
3 (y − a1) + q2η
0
ρδ
3 (y − a2) , (15)
where we have two spatial Dirac delta functions concen-
trated at the positions a1 and a2. The parameters q1
and q2 are the electric charges and the super-index CC
means that we have the interaction between two point-
like charges.
Substituting Eq. (15) in (12), discarding the self inter-
action contributions (the interactions of a given point-
charge with itself), computing the integrals in the fol-
lowing order: d3y, d3z, dy0, dp0 and dz0, using the fact
that δ(p0) =
∫
dy0/(2π)eip
0y0 and identifying the time
interval as T =
∫
dz0, we can write
ECC = q1q2
∫
d3p
(2π)3
exp(ip · a)
p2
− q1q2
×
3∑
i,j=1
Kij(F )∇
i
a∇
j
a
∫
d3p
(2π)3
exp(ip · a)
p4
,(16)
where i, j = 1, 2, 3 are spacial indexes and we defined the
distance between the two electric charges a = a2 − a1 =
(a1, a2, a3) and the differential operator ∇ia = ∂/∂a
i.
The components Kij(F ) can be represented in a 3×3
matrix, as follows
K(F ) =


K0101(F ) K
0102
(F ) K
0103
(F )
K0201(F ) K
0202
(F ) K
0203
(F )
K0301(F ) K
0302
(F ) K
0303
(F )

 . (17)
Using the fact that [47]
∫
d3p
(2π)3
exp(ip · a)
p2
=
1
4π|a|
,∫
d3p
(2π)3
exp(ip · a)
p4
= −
|a|
8π
, (18)
and acting with the differentials operators, we obtain
ECC =
q1q2
4π|a|
[
1 +
1
2
( 3∑
i=1
Kii(F ) −
3∑
i,j=1
Kij(F )
aiaj
a2
)]
.(19)
Eq. (19) gives us the interaction energy between two
point-like charges for the model (1). If we take Kij(F ) = 0,
the expression (19) reduces to the well-known Coulomb
interaction. In Eq. (19) the summation
∑3
i=1K
ii
(F ) is
the trace of the matrix (17) which can be absorbed into
the definition of the electric charges q1 and q2. The ex-
tra factor proportional to
∑3
i,j=1K
ij
(F )a
iaj is an evident
contribution which evinces the Lorentz symmetry break-
ing, leading us to an anisotropic interaction between the
charges.
Taking q1 = q2 = q and the limit a → ∞ in Eq. (19)
we can show that the self energy of a point-like charge
diverges, on the contrary to what happen in the nonmin-
imal model considered in reference [49]
4The interaction force between two charges can be ob-
tained by taking the gradient of energy (19) with respect
to a, as follows
FCC = −∇aE
CC
=
q1q2
4πa2
[
1 + 1
2
3∑
i=1
Kii(F ) −
3
2
3∑
i,j=1
Kij(F )
aiaj
a2

 aˆ
+
1
|a|
3∑
i=1
ai
(
K1i(F )xˆ+K
2i
(F )yˆ +K
3i
(F )zˆ
)]
, (20)
where aˆ is an unit vector pointing in the direction of the
vector a. In this paper xˆ, yˆ, zˆ stand for the usual unit
vectors in cartesian coordinates.
The energy (19) exhibits an anisotropy due to the pres-
ence of the background tensor. As a consequence, we
have the emergence of a spontaneous torque on an elec-
tric dipole, similarly to what was pointed out in Ref’s
[33, 44].
In order to investigate this effect, we consider a typical
dipole composed by two opposite electric charges q1 =
−q2 = q placed at a fixed distance apart, at the positions
a1 = R+
d
2 and a2 = R−
d
2 , where d is taken to be a fixed
vector. Let us also choose a simple ilustrative example
for the background tensor which satisfies the properties
(2) and (3), and cannot be expressed in the form (14), as
follows
K0l0m(F ) = 0 , for l,m = 1, 2, 3 and l 6= m , (21)
K0101(F ) = 0 , K
0202
(F ) = −k1 , K
0303
(F ) = k1 , (22)
and
K lm(F ) lm = 0 , for l,m = 1, 2, 3 . (23)
where k1 is a tiny constant.
In this specific case, the tensor (17) becomes
K(F ) =

 0 0 00 −k1 0
0 0 k1

 . (24)
Using Eq. (24), we can rewrite the energy (19) in the
following way
ECCdipole = −
q2
4π|d|
[
1−
k1
2d2
(
− (d · yˆ)
2
+ (d · zˆ)
2
)]
= −
q2
4π|d|
{
1−
k1
2
[
1− sin2 θ
(
1 + sin2 φ
)]}
,
(25)
where 0 < θ < π and 0 < φ < 2π are the polar and
azimuthal angles, in spherical coordinates (the z-axis is
the polar axis), for the vector d.
From the energy (25) have can compute two kinds of
spontaneous torques acting on the vector d, one related
to the angle θ and another, to angle φ, as follows
τ
(θ)
dipole = −
∂ECCdipole
∂θ
=
q2
8π|d|
k1
(
1 + sin2 φ
)
sin(2θ) ,
τ
(φ)
dipole = −
∂ECCdipole
∂φ
=
q2
8π|d|
k1 sin
2 θ sin(2φ) . (26)
From expressions (26) we can see that τ
(θ)
dipole = 0 when
θ = 0, π/2, π, and for θ = π/4, φ = π/2, θ = π/4, φ =
3π/2, τ
(θ)
dipole attains its maximum intensity. For θ = 0, π
and φ = 0, π/2, π, 3π/2, 2π the torque τ
(φ)
dipole vanishes,
for θ = π/2, φ = π/4 it has its maximum intensity.
It is convenient to rewrite our results in terms of the
parameters defined in Refs. [6, 7], which encloses the
19 components of the background tensor K(F )µναβ in a
parity-even and a parity-odd subsectors, represented by
the matrices κ˜e and κ˜o, respectively, as follows
(κ˜e+)
jk
=
1
2
(κDE + κHB)
jk
, (27)
(κ˜e−)
jk
=
1
2
(κDE − κHB)
jk
− δjkκ˜tr , (28)
κ˜tr =
1
3
tr (κDE) , (29)
(κ˜o+)
jk
=
1
2
(κDB + κHE)
jk
, (30)
(κ˜o−)
jk =
1
2
(κDB − κHE)
jk , (31)
where the 3×3 matrices κDE , κHB , κDB, κHE are defined
in terms of the K(F )-tensor components, as follows,
(κDE)
jk = −2K0j0k(F ) , (κHB)
jk =
1
2
ǫjpqǫklmKpqlm(F ) ,
(κDB)
jk
= − (κHE)
kj
= ǫkpqK0jpq(F ) . (32)
The matrices κDE and κHB contain together 11 in-
dependent components, while κDB and κHE contain to-
gether 8 components, which sum the 19 independent el-
ements of the background tensor K(F )µναβ . The 10 co-
efficients sensitive to birefringence are contained in the
matrices κ˜e+ and κ˜o−, and the 9 nonbirefringent coeffi-
cients are contained in κ˜e− and κ˜o+.
The coeficient k1 in Eq. (24) can be written as follows
k1 =
1
2
[
(κ˜e−)
22 + (κ˜e+)
22
]
. (33)
Substituting (33) in (25), we arrive at
ECCdipole = −
q2
4π|d|
{
1−
1
4
[
(κ˜e−)
22 + (κ˜e+)
22
]
×
[
1− sin2 θ
(
1 + sin2 φ
)]}
. (34)
Substituting (33) in (26), we obtain
τ
(θ)
dipole =
q2
16π|d|
[
(κ˜e−)
22 + (κ˜e+)
22
]
5×
(
1 + sin2 φ
)
sin(2θ) ,
τ
(φ)
dipole =
q2
16π|d|
[
(κ˜e−)
22 + (κ˜e+)
22
]
× sin2 θ sin(2φ) . (35)
From Eq. (35) we can notice that the torques induced
on an electric dipole, by the background tensor (24), are
effects due to the parity-even components of the back-
ground tensor. These torques have contributions due to
the nonbirefringent component, (κ˜e−)
22, as well as con-
tributions due to the birefringent component, (κ˜e+)
22.
Another illustrative example which satisfies the condi-
tions (2) and (3), and is not a particular case of (14), is
the following
K0103(F ) = k2 , (36)
with all other elements of the background tensor, K(F ),
taken to be equal to zero and where k2 is a very tiny
constant.
In this case, the matrix K(F ) in (17) reads
K(F ) =

 0 0 k20 0 0
k2 0 0

 , (37)
with the corresponding energy (19),
ECCdipole = −
q2
4π|d|
(
1−
k2
2
sin(2θ) cosφ
)
. (38)
In the same way, from the energy (38) we can obtain
two kinds of spontaneous torques on the vector d, as
follows
τ
(θ)
dipole = −
∂ECCdipole
∂θ
= −
q2
4π|d|
k2cos(2θ) cosφ ,
τ
(φ)
dipole = −
∂ECCdipole
∂φ
=
q2
8π|d|
k2 sin(2θ) sinφ . (39)
If θ = π/4, 3π/4 and φ = π/2, 3π/2 the torque τ
(θ)
dipole
vanishes and for θ = 0, φ = 0, θ = π/2, φ = π it exhibits
its maximum intensity. If θ = 0, π and φ = 0, π, 2π we
have τ
(φ)
dipole = 0 and for θ = π/4, φ = π/2, we have the
maximum intensity for τ
(φ)
dipole.
Using the Lorentz-breaking coefficients defined in Refs.
[6, 7], we can write
k2 = −
1
2
[
(κ˜e−)
31 + (κ˜e+)
31
]
, (40)
So, substituting (40) in (38), we obtain
ECCdipole = −
q2
4π|d|
{
1 +
1
4
[
(κ˜e−)
31 + (κ˜e+)
31
]
× sin(2θ) cosφ
}
. (41)
and the torques (39) become
τ
(θ)
dipole =
q2
8π|d|
[
(κ˜e−)
31 + (κ˜e+)
31
]
cos(2θ) cosφ ,
τ
(φ)
dipole = −
q2
16π|d|
[
(κ˜e−)
31 + (κ˜e+)
31
]
sin(2θ) sinφ .
(42)
Once again, we have an example where the exponta-
neous torques are induced by the parity-even sector of the
background tensor, with contributions of its birefringent
and nonbirefringent component, (κ˜e+)
31 and (κ˜e−)
31, re-
spectively, in this case
If we use the tensor (14) in the Lagrangian (1), it be-
comes equivalent to the one considered in Ref. [33]. Sub-
stituting Eq. (14) in (19) and (20), we obtain
ECC(v) =
q1q2
4π|a|
[
1− (v0)2 +
1
2
(
v2 −
(v · a)2
a2
)]
,(43)
FCC(v) =
q1q2
4πa2
[(
1− (v0)2 +
1
2
v2
)
aˆ
+(v · aˆ)
(
v −
3
2
(v · aˆ)aˆ
)]
, (44)
which are in perfect agreement with the result of refer-
ence [33] if they are expanded up to order of v2.
To put the possible signals of Lorentz-symmetry break-
ing obtained in this section in a physical context and
obtain estimates in order of magnitude for the Lorentz-
symmetry breaking parameters involved, let us consider
experimental data for the hydrogen atom, which is a sys-
tem whose dynamics is governed by the Coulomb (elec-
trostatic) potential. This approach is justified because
any deviation from the Coulomb potential would bring
out experimental signals on hydrogen atoms. The ground
state energy for the hydrogen atom has an uncertainty
given by 6.1 × 10−9 [50]. From Eq. (19) we can see
that the relative correction in the Coulomb behavior im-
posed by the Lorentz symmetry breaking is proportional
to the coefficients Kij(F ), or equivalently, the ones defined
in Eqs. (27), (28), (29), (30), and (31). So, by using
atomic data, we can overestimate an upperbound for the
coefficients (27), (28), (29), (30), (31) as being of order
6.1× 10−9. We can search for more restrictive estimates
and use the hyperfine corrections to the hydrogen spec-
tra, which are proportional to the fine structure constant,
whose relative uncertainty is 2.3 × 10−10 [51]. So this
more restictive estimates predicts an upper bound of or-
der 2.3×10−10 for (27), (28), (29), (30) and (31). These
estimates are far beyond the ones obtained from optical
methods [52].
In order to investigate if the torques (35) and (42) can
be of some relevance in condesend matter physics, let
us consider a typical microscopic system of condensend
matter, with distances in order of angstrons (|d| ∼ A˚),
electric charges equal, in magnitude, to the electron’s one
6(q2 ∼ 2.899 × 10−27Nm2) and the overestimated values
for the Lorentz-symmetry breaking parameters obtained
from Ref. [52] ((κ˜e−)
ij ∼ 4×10−18, (κ˜e+)
ij ∼ 2×10−37).
In this case, we have for the torques (35) and (42),
τ ∼ 10−36Nm. This very small result suggests that these
kinds of effects are out of reach of measurements nowa-
days in systems of condensed matter.
IV. A STEADY LINE CURRENT AND A
POINT-LIKE CHARGE
In this Section we study the interaction energy be-
tween a steady line current and a point-like stationary
charge. Such interaction does not exist in the Maxwell
electrodynamics, as discussed in references [33, 44]. The
steady line current shall be taken to flow parallel to the
z-axis, along the straight line located at A = (A1, A2, 0).
The electric charge is placed at position u. The external
source for this system is given by
JSCρ (y) = Iη
3
ρδ
2 (y⊥ −A) + qη
0
ρδ
3 (y − u) . (45)
where y⊥ = (y
1, y2, 0), is the position vector perpendic-
ular to the straight line current. The parameters I and
q stand for, respectively, the current intensity and elec-
tric charge strength. The super-index SC means that we
have a system composed by a steady line current and a
point-like charge.
Substituting Eq. (45) in (12), discarding self-interac-
tion terms, performing the integrals in the following or-
der: d2y⊥, d
2z⊥, dz
3, dy3, dp3, dy0, dp0 and dz0 and
identifying the time interval
∫
dz0 = T , we obtain
ESC = −qI
2∑
i,j=1
Kij(F )⊥∇
i
a⊥
∇ja⊥
∫
d2p⊥
(2π)2
eip⊥·a⊥
p4⊥
, (46)
where p⊥ = (p
1, p2, 0) and a⊥ = A−u = (A
1−u1, A2−
u2, 0) = (a1, a2, 0) is the distance between the charge and
the line current. We also defined the differential operator
∇ia⊥ = ∂/∂a
i (with i = 1, 2) and the 2×2 matrix Kij(F )⊥
as follows
K(F )⊥ =
(
K0131(F ) K
0132
(F )
K0231(F ) K
0232
(F )
)
. (47)
The integral in Eq. (46) is divergent. In order to solve
this problem we proceed as in reference [33, 47], intro-
ducing a regulator parameter with mass dimension, as
follows
ESC = −qI
2∑
i,j=1
Kij(F )⊥
×∇ia⊥∇
j
a⊥
lim
m→0
∫
d2p⊥
(2π)2
eip⊥·a⊥
(p2⊥ +m
2)2
= qI
2∑
i,j=1
Kij(F )⊥∇
i
a⊥
∇ja⊥
× lim
m→0
1
2m
∂
∂m
∫
d2p⊥
(2π)2
eip⊥·a⊥
p2⊥ +m
2
. (48)
Using the fact that [47]
∫
d2q⊥
(2π)2
exp(ip⊥ · a⊥)
p2⊥ +m
2
=
1
2π
K0(m|a⊥|) , (49)
and acting with the differential operators, we arrive at
ESC = −
qI
4π
{
lim
m→0
[−K0(m|a⊥|)]
2∑
i=1
Kii(F )⊥
+ lim
m→0
mK1(m|a⊥|)
2∑
i,j=1
Kij(F )⊥
aiaj
|a⊥|
}
,(50)
where K0(m|a⊥|) and K1(m|a⊥|) stand for the K-Bessel
functions.
Using the fact that [53]
−K0(m|a⊥|)
m→0
→ ln (m|a⊥|/2) + γ
mK1(m|a⊥|)
m→0
→ 1/|a⊥|, (51)
where γ is the Euler constant, we rewrite Eq. (50) in the
following form
ESC = −
qI
4π
{
lim
m→0
[
ln
(
m|a⊥|
2
)
+ γ
] 2∑
i=1
Kii(F )⊥
+
2∑
i,j=1
Kij(F )⊥
aiaj
a2⊥
}
= −
qI
4π
{
lim
m→0
[
ln
(
m|a⊥|
2
)
+ γ + ln(ma0)
− ln(ma0)
] 2∑
i=1
Kii(F )⊥ +
2∑
i,j=1
Kij(F )⊥
aiaj
a2⊥
}
= −
qI
4π
{[
ln
(
|a⊥|
a0
)
+ γ − ln 2 + lim
m→0
ln(ma0)
]
×
2∑
i=1
Kii(F )⊥ +
2∑
i,j=1
Kij(F )⊥
aiaj
a2⊥
}
, (52)
where, in the third line of Eq. (52), we added and
subtract the quantity ln(ma0), where a0 is an arbitrary
7length-dimensional constant. Neglecting, in the penulti-
mate line of Eq. (52), the terms that do not depend on
the distance a⊥, since they do not contribute to the force
between the line current and the point charge, we obtain
ESC = −
qI
4π
[
ln
(
|a⊥|
a0
) 2∑
i=1
Kii(F )⊥
+
2∑
i,j=1
Kij(F )⊥
aiaj
a2⊥
]
. (53)
The interaction energy (53) is an effect due solely to
the Lorentz symmetry breaking. In Eq. (53), the coeffi-
cient
∑2
i=1K
ii
(F )⊥ is the trace of the matrix (47), which
can be absorbed into the definition of the current in-
tensity I, and electric charge q. The term proportional
to
∑2
i,j=1K
ij
(F )⊥a
iaj is an evident contribution which
evinces the Lorentz-symmetry breaking, leading us to an
anisotropic interaction between the line current and the
point-like charge.
The force on the point charge can be obtained from
Eq. (53) as follows,
FSC = −∇a⊥E
SC
= −
qI
4π|a⊥|
[(
2∑
i=1
Kii(F )⊥ − 2
2∑
i,j=1
Kij(F )⊥
aiaj
a2⊥
)
aˆ⊥
+
1
|a⊥|
2∑
i=1
ai⊥
[(
Ki1(F )⊥ +K
1i
(F )⊥
)
xˆ
+
(
Ki2(F )⊥ +K
2i
(F )⊥
)
yˆ
]]
, (54)
where aˆ⊥ is the unit vector pointing on the direction of
a⊥ and we used the fact that
∇a⊥ =
(
∂
∂a1
,
∂
∂a2
, 0
)
. (55)
The second term inside brackets in the interaction en-
ergy (53) leads to a torque on the steady line current
when we fix the point-like charge. In order to calculate
this torque in a specific example (which is in accordance
with the properties (2) and (3)), let us take
K0131(F ) = K
0132
(F ) = K
0231
(F ) = 0 , K
0232
(F ) = k3 , (56)
where k3 is a tiny constant.
In this case, the matrix (47) reads
K(F )⊥ =
(
0 0
0 k3
)
. (57)
Substituting Eq. (57) in (53), we obtain
ESC = −
qI
4π
k3
[
ln
(
|a⊥|
a0
)
+
(a⊥ · yˆ)
2
a2⊥
]
= −
qI
4π
k3
[
ln
(
|a⊥|
a0
)
+ sin2 α
]
, (58)
where α is the angle between the vector a⊥ and the unit
vector xˆ (the angle of the vector a⊥ in polar coordinates).
If we take a setup where the distance between the cur-
rent line and the point-charge is fixed, the energy (58)
leads us to a torque in the whole system, as follows
τSC = −
∂ESC
∂α
=
qI
4π
k3 sin(2α) . (59)
Notice that for α = 0, π/2, π, 2π the torque vanishes and
for α = π/4 and α = 3π/4 we have its maximum inten-
sity.
The constant k3 in (57) can be written in terms of the
Lorentz-breaking coefficients defined in Ref’s [6, 7], as
follows
k3 = −
1
2
[
(κ˜o+)
21 + (κ˜o−)
21
]
. (60)
In this way, the energy (58) and the torque (59) become
ESC =
qI
8π
[
(κ˜o+)
21 + (κ˜o−)
21
]
×
[
ln
(
|a⊥|
a0
)
+ sin2 α
]
. (61)
τSC = −
qI
8π
[
(κ˜o+)
21 + (κ˜o−)
21
]
sin(2α) . (62)
From the result (62) we can notice that the torque act-
ing on the current line, for the specific example (57), is
an effect due to the parity-odd components of the back-
ground tensor. This torque exhibits contributions com-
ming from the nonbirefringent component (κ˜o+)
21 and
from the birefringent component (κ˜o−)
21 of the back-
ground tensor.
An infinite straight line current is an idealization. In
a more realistic situation, one might take into account a
finite length for the line current. The results obtained in
this section must be considered when edge effects are neg-
ligible, what happens when the length of the line current
is much higher in comparison with the distance between
the line current and the point-charge.
If we substitute Eq. (14) in (53), we obtain
ESC (v) =
qI
2π
v0v3 ln
(
|a⊥|
a0
)
+
qI
4π
v0v3 . (63)
The second term in the right-hand side of Eq. (63)
does not depend of distance |a⊥|, so it can be neglected.
Therefore
ESC (v) =
qI
2π
(v · zˆ) v0 ln
(
|a⊥|
a0
)
, (64)
where v3 = v · zˆ is the projection of the vector v along
the straight line current. This result is in accordance
with the reference [33], up to order of v2.
Once again, let us investigate if the above effects can
have some relevance in condensed matter systems. The
highest electric currents achieved in laboratory are of
8magnitude 105A, the overestimated values from Ref. [52],
(κ˜o+)
ij ∼ 2× 10−18, (κ˜o−)
ij ∼ 2× 10−37, and the charge
of the electron, we have the estimate value for the torque
(62), τSC ∼ 10−30Nm.
In the opposite direction, we can search for some
Lorentz-symmetry breaking signals in current jets pro-
duced on galaxies, where we find the highests electric
currents in nature [54], of magnitude ∼ 1018A. In this
case, the torque is estimated by τSC ∼ 10−17Nm. These
small result suggests that the effects of the torque (62)
are far beyond any measurement range nowadays.
V. DIRAC STRINGS
In this section we consider, firstly, a system composed
by a point-like charge placed at position a and a Dirac
string. This system is described by the external source
JDCρ (y) = J(D)ρ (y) + qη
0
ρδ
3(y − a) , (65)
where Jρ(D) (y) stands for the external field source pro-
duced by the Dirac string and the second term on the
right hand side is the source produced by the point-like
charge. The super-index DC means that we have a Dirac
string and a point-like charge.
Now, we choose a coordinate system where the Dirac
string lies along the z-axis with internal magnetic flux Φ.
Its corresponding source is given by [33, 44, 55–57]
Jρ(D)(y) = iΦ(2π)
2
∫
d4p
(2π)4
δ(p0)δ(p3)ε0ρν3 p
νe−ipy ,
(66)
where εµναβ stands for Levi-Civita tensor with ε0123 = 1.
If Φ > 0, we have the internal magnetic field along zˆ. For
Φ < 0, the internal magnetic field points in the opposite
direction.
From now on, in this Section, the sub-index ⊥ means
that we are taking just the components of a given vec-
tor perpendicular to the string. For instance, p⊥ =
(p1, p2, 0) is the momentum perpendicular to the string.
Substituting Eq. (65) in (12), discarding self-interac-
tion terms, which do not contribute to the force between
the string and the charge (the self-interaction terms are
proportional to q2 or Φ2 ) and following similar steps
employed in the previous sections, we can show that
EDC = −
qΦ
4π|a⊥|
[
(a⊥ · xˆ)K
0121
(F ) − (a⊥ · yˆ)K
0212
(F )
]
× lim
m→0
[
2mK1(m|a⊥|)− |a⊥|m
2K0(m|a⊥|)
]
. (67)
Now, taking the limit m→ 0, we arrive at
EDC = −
qΦ
2πa2⊥
[
(a⊥ · xˆ)K
0121
(F ) − (a⊥ · yˆ)K
0212
(F )
]
.(68)
We notice that Eq. (68) is also an effect due solely to
the Lorentz symmetry breaking.
The energy (68) leads to a force between the Dirac
string and the charge as well as a torque on the string,
if we take a setup where the distance between the charge
and the string is fixed. Defining the tiny constants k4
and k5,
K0112(F ) = k4 , K
0212
(F ) = k5 , (69)
we can write Eq’s (69) in (68) in the form
EDC =
qΦ
2πa2⊥
[k4 (a⊥ · xˆ) + k5 (a⊥ · yˆ)]
=
qΦ
2π | a⊥ |
(k4 cosα+ k5 sinα) , (70)
what leads to a torque on the Dirac string, as follows
τDC = −
∂EDC
∂α
=
qΦ
2π | a⊥ |
(k4 sinα− k5 cosα) . (71)
where α is the angle between a⊥ and xˆ.
In terms of the Lorentz-breaking coefficients defined in
Ref’s [6, 7], we have
k4 =
1
2
[
(κ˜o+)
13 + (κ˜o−)
13
]
,
k5 =
1
2
[
(κ˜o+)
23 + (κ˜o−)
23
]
. (72)
From the Eqs. (70), (71) and (72), we can write
EDC =
qΦ
4π | a⊥ |
{[
(κ˜o+)
13 + (κ˜o−)
13
]
cosα
+
[
(κ˜o+)
23 + (κ˜o−)
23
]
sinα
}
. (73)
τDC =
qΦ
4π | a⊥ |
{[
(κ˜o+)
13 sinα− (κ˜o+)
23 cosα
]
+
[
(κ˜o−)
13 sinα− (κ˜o−)
23 cosα
]}
. (74)
The torque in Eq. (74) is an effect due to the parity-
odd components of the background tensor. The first con-
tribution inside brackets on the right hand side of the
Eq. (74) comes from the nonbirefringent sector of the
background tensor and the second term comes from the
birefringent sector.
Just for completeness, we consider the interaction be-
tween a Dirac string and a steady line current, both par-
allel to each other. The corresponding external source is
given by
JDSρ (y) = Jρ(D) (y) + Iη
3
ρδ
2 (y⊥ − a⊥) (75)
where Jρ(D) (y) is given by (66). The super-index DS
means that we have a Dirac string and a steady line cur-
rent.
Following similar steps employed previously, we obtain
the result
EDS =
EDS
L
9= −
IΦ
2πa2⊥
[
(a⊥ · xˆ)K
3121
(F ) − (a⊥ · yˆ)K
3212
(F )
]
,(76)
where we identified the length of the Dirac string, L =∫
dz3, defined the energy per unit of string length E .
From the energy (76), which is an effect due solely to
the Lorentz symmetry breaking, we can obtain a force
between the Dirac string and the steady line current, as
well as a torque between them.
Considering α the angle between a⊥ and xˆ, and defin-
ing
K3121(F ) = k6 , K
3212
(F ) = k7 , (77)
the energy (76) reads
EDS = −
IΦ
2π | a⊥ |
(k6 cosα− k7 sinα) , (78)
where k6 and k7 are tiny constants.
Using the Lorentz-breaking coefficients defined in Ref’s
[6, 7], we obtain
k6 =
1
2
[
(κ˜e−)
23 − (κ˜e+)
23
]
,
k7 =
1
2
[
(κ˜e−)
13 − (κ˜e+)
13
]
, (79)
and the energy (78) becomes
EDS = −
IΦ
4π | a⊥ |
{[
−(κ˜e+)
23 cosα+ (κ˜e+)
13 sinα
]
+
[
(κ˜e−)
23 cosα− (κ˜e−)
13 sinα
]}
. (80)
The energy in Eq. (80) is an effect due to the parity-
even components of the background tensor. The first
contribution inside brackets on the right hand side of the
Eq. (80) is birefringent and the second one is nonbire-
fringent.
With the specific example (14), Eq. (76) becomes
EDS (v) =
IΦ
2πa2⊥
(v · zˆ) [zˆ · (a⊥ × v⊥)] , (81)
which is in accordance with [33].
It is worth mentioning that an infinite Dirac string is
an idealization of an infinitely long solenoid with vanish-
ing radius and finite internal magnetic flux. In a more
realistic situation, one might take into account a non-
vanishing radius and a finite length for the solenoid. The
results obtained in this section must be considered when
the length of the solenoid is much higher than the dis-
tance between the line current and the point-charge and
when the radius of the solenoid is negligible in compari-
son with this distance.
VI. AHARONOV-BOHM BOUND STATES
In this section we consider a simplified version of the
so called Aharonov-Bohm bound states in the scenario
described by the model (1). For this task we start by
considering the propagator (13) and the field configura-
tion produced by a given external source,
Aµ (x) =
∫
d4y Dµν (x, y)Jν (y)
=
∫
d4y
[
DµνM (x, y) +D
µν
LV (x, y)
]
Jν (y) ,(82)
where we defined the standard Maxwell propagator,
DµνM (x, y) = −
∫
d4p
(2π)4
ηµν
p2
e−ip·(x−y) , (83)
and the correction
DµνLV (x, y) =
∫
d4p
(2π)4
Kµανβ(F )
pαpβ
p4
e−ip·(x−y) . (84)
With the aid of Eq’s (82), (83) and (84) we can write
Aµ (x) = AµM (x) + ∆A
µ
LV (x) . (85)
where
AµM (x) =
∫
d4yDµνM (x, y)Jν(y)
∆AµLV (x) =
∫
d4yDµνLV (x, y)Jν (y) (86)
In a simplified setup, let us calculate the field configu-
ration produced by a Dirac string (66). In this case, the
first Eq. (86) becomes
Aµ
M(D) (x) =
Φ
2π
(
0,
−x2
(x1)2 + (x2)2
,
x1
(x1)2 + (x2)2
, 0
)
.(87)
The potential (87) produces a vanishing electromagnetic
field outside the z-axis.
For the Lorentz violation correction, we substitute Eq.
(66) in the second Eq. (86) and perform some simple
manipulations,
∆Aµ
LV (D) (x) =
= Φ
2∑
i,j=1
zˆ ·
[
∇x⊥ ×
(
Kµi1j(F ) xˆ+K
µi2j
(F ) yˆ
)]
×∇ix⊥∇
j
x⊥
lim
m→0
1
2m
∂
∂m
∫
d2p⊥
(2π)2
eip⊥·x⊥
p2⊥ +m
2
, (88)
where x⊥ =
(
x1, x2, 0
)
.
The potential (88) can be computed by following the
same procedures employed in the previous section. The
result is
∆Aµ
LV (D) (x) = −
Φ
2πx2⊥
(
x1Kµ121(F ) − x
2Kµ212(F )
)
. (89)
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From Eq. (89), we have a 0-component for the field
∆A0LV (D) (x) = −
Φ
2πx2⊥
(
x1K0121(F ) − x
2K0212(F )
)
, (90)
and a corresponding electric field outside the string,
∆E = −∇x⊥
(
∆A0LV (D)
)
=
Φ
2πx2⊥
[
−
2
|x⊥|
(
x1K0121(F ) − x
2K0212(F )
)
xˆ⊥
+
(
K0121(F ) xˆ−K
0212
(F ) yˆ
)]
, (91)
where xˆ⊥ is a unit vector pointing in the direction of x⊥.
From (87) and (89) the vector potential reads,
A(D) =
Φ
2πx2⊥
[(
1−K1212(F )
) (
−x2xˆ+ x1yˆ
)
−
(
x1K3121(F ) − x
2K3212(F )
)
zˆ
]
. (92)
From the vector potential (92) we have an induced
magnetic field outside the string, as follows
∆B = ∇x⊥ ×A(D)
= −
Φ
2πx2⊥
[
−
(
K3212(F ) xˆ+K
3121
(F ) yˆ
)
+
2
x2⊥
(
x1K3121(F ) − x
2K3212(F )
) (
−x2xˆ+ x1yˆ
)]
.
(93)
The electric and magnetic fields, (91) and (93), can
induce physical phenomena outside the string.
Now, let us take a very simple and illustrative example
for background tensor (which satisfies the conditions (2)
and (3)), as follows
K0121(F ) = K
0212
(F ) = K
3121
(F ) = K
3212
(F ) = 0 ,
K1212(F ) = k8 , (94)
where k8 is a tiny constant. In this case, the 0-component
of the field (90) vanishes and the vector potential (92)
becomes
A(D) =
Φ(1− k8)
2πx2⊥
(
−x2xˆ+ x1yˆ
)
=
Φ(1− k8)
2πρ
φˆ , (95)
where we used cylindrical coordinates, with the radial co-
ordinate ρ = |x⊥| =
√
(x1)2 + (x2)2 and with φˆ standing
for the unitary vector for the azimuthal coordinate.
Notice that the potential (95) does not produce any
elctromagnetic field outside the string.
It is well known in the literature [58, 59] that the en-
ergy levels of a two dimensional quantum rigid rotor are
modified when it circumvents an infinite solenoid. In this
case we have a very simplified version of the so called
Aharonov Bohm bound states [59]. Taking a quantum
rigid rotor composed by a non-relativistic particle with
mass M and electric charge q, restricted no move along
a ring of radius b, adopting a coordinate system where
the ring lies on the plane z = 0, centered at the origin,
considering a Dirac string placed along the z-axis, with
internal magnetic flux Φ, and using Eq. (95) we can
write the Hamiltonian for the charged particle in cylin-
drical coordinates
H = −
1
2Mb2
d2
dφ2
+
iqΦ (1− k8)
2πMb2
d
dφ
+
q2Φ2 (1− k8)
2
8π2Mb2
(96)
where it is implicit that we must discard the terms pro-
portional to k28 .
The energy eigenfunctions of the hamiltonian (96) are
given by
Ψ (φ) = Beinφ , n = 0,±1,±2, · · · (97)
where B is a normalization constant. Up to order k8, the
corresponding energy levels are
En =
1
2Mb2
(
n−
qΦ
2π
)2
+
qΦk8
2πMb2
(
n−
qΦ
2π
)
, (98)
The first term on the right hand side of (98) is the well
known Aharonov Bohm energy [58] and the second term
is a correction due to the Lorentz-symmetry breaking.
In terms of the SME coefficients, defined in Refs. [6, 7],
we can write
k8 =
1
2
[
(κ˜e+)
33 − (κ˜e−)
33 − κ˜tr
]
. (99)
Therefore,
En =
1
2Mb2
(
n−
qΦ
2π
)2
+
qΦ
4πMb2
(
n−
qΦ
2π
)
(κ˜e+)
33
−
qΦ
4πMb2
(
n−
qΦ
2π
)[
(κ˜e−)
33 + κ˜tr
]
. (100)
The energy (100) is due to the parity-even components
of the background tensor. The second term on the right
hand side is a birefringent contribution and the third one
is nonbirefringent.
VII. CONCLUSIONS AND PERSPECTIVES
In this paper we have investigated the interactions be-
tween external sources for the gauge field in the CPT-
even sector of the SME. We have focused on physical
phenomena which have no counterpart in Maxwell elec-
trodynamics. We have obtained our results in 3 + 1 di-
mensions and we treated the background tensorK(F )αβστ
perturbatively up to first order.
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Specifically, we have showed that it emerges a spon-
taneous torque on a classical electromagnetic dipole and
an interaction between a steady straight line current and
a point-like charge. We have also investigated some phe-
nomena due to the presence of a Dirac string. We have
showed that the string can interact with a point charge as
well as with a straight steady line current in the Lorentz
symmetry breaking scenario.
We have showed that our results are in agreement with
the corresponding ones obtained in reference [33], up to
lowest order in the background vector, for the very re-
strictive situation where the background vector can be
written in terms of just one single background vector
(14), the only one considered in Ref. [33].
We have studied the so called Aharonov-Bohm bound
states, for a 2-dimensional quantum rigid rotator, in the
Lorentz symmetry breaking scenario. We have obtained
the energy levels for a specific example for the back-
ground tensor.
The obtained results concerning deviations in the
Coulombian behavior of the interaction energy between
electric charges were used to estimate, euristically, upper
bounds to the Lorentz-symmetry breaking parameters in-
volved. The obtained estimates are far beyond the ones
calculated with optical experimental data.
Some numerical estimates have been made in order to
investigate if some of the obtained effects were relevant
for condensed matter systems.
As a final remark, we point out that in this paper all
the field sources considered are spinless. An interesting
extension of this work would be the investigation of spin
effects in the interactions between field sources.
Acknowledgments
L.H.C. Borges thanks to Sa˜o Paulo Research Foun-
dation (FAPESP) under the grant 2016/11137-5 for
financial support. F.A. Barone thanks to CNPq
(Brazilian agency) under the grants 311514/2015-4 and
313978/2018-2 for financial support.
[1] V. A. Kostelecky´ and S. Samuel, Phys. Rev. Lett. 63,
224 (1989).
[2] V. A. Kostelecky´ and R. Potting, Nucl. Phys. B 359, 545
(1991).
[3] D. Colladay and V. A. Kostelecky´, Phys. Rev. D 55, 6760
(1997).
[4] D. Colladay and V. A. Kostelecky´, Phys. Rev. D 58,
116002 (1998).
[5] S. Carroll, G. Field and R. Jackiw, Phys. Rev. D 41,
1231 (1990).
[6] V. A. Kostelecky´ and M. Mewes, Phys. Rev. Lett. 87,
251304 (2001).
[7] V. A. Kostelecky´ and M. Mewes, Phys. Rev. D 66, 056005
(2002).
[8] B. Altschul, Phys. Rev. Lett. 98, 041603 (2007).
[9] B. Altschul, Nucl. Phys. B 796, 262 (2008).
[10] F.R. Klinkhamer and M. Risse, Phys. Rev. D 77, 016002
(2008).
[11] F.R. Klinkhamer and M. Schreck, Phys. Rev. D 78,
085026 (2008).
[12] V.A. Kostelecky´ and M. Mewes, Phys. Rev. Lett. 97,
140401 (2006).
[13] R. Lehnert and R. Potting, Phys. Rev. Lett. 93, 110402
(2004).
[14] B. Altschul, Phys. Rev. D 75, 105003 (2007).
[15] C. Kaufhold and F.R. Klinkhamer, Nucl. Phys. B 734, 1
(2006).
[16] O.G. Kharlanov, V.Ch. Zhukovsky, Phys. Rev. D 81,
025015 (2010).
[17] L.M. Silva, H. Belich, J. A. Helaye¨l-Neto,
arXiv:1605.02388 (2016).
[18] R. Jackiw and V. A. Kostelecky´, Phys. Rev. Lett. 82,
3572 (1999).
[19] M. Perez-Victoria, J. High. Energy Phys. 0104, 032
(2001).
[20] J.R. Nascimento, E. Passos, A.Yu. Petrov, F.A. Brito, J.
High. Energy Phys. 0706, 016 (2007).
[21] Oswaldo M. Del Cima, J. M. Fonseca, D.H.T. Franco, O.
Piguet, Phys. Lett. B 688, 258 (2010).
[22] F.A. Brito, J. R. Nascimento, E. Passos, A.Yu. Petrov,
Phys. Lett. B 664, 112 (2008).
[23] B.T. Agostini, F.A. Barone, F. E. Barone, P.A. Gaete,
J.A. Helaye¨l- Neto, Phys. Lett. B 708, 212 (2012).
[24] S. Albayrak and I. Turan, arXiv:1505.07584 (2016).
[25] M.E. Tobar, P. Wolf, A. Fowler, J.G. Hartnett, Phys.
Rev. D 71, 025004 (2005).
[26] R. Casana, M.M. Ferreira Jr., A. R. Gomes, and P.R.D.
Pinheiro, Phys. Rev. D 80, 125040 (2009).
[27] R. Casana, M. M. Ferreira Jr, A. R. Gomes, and F.E.P.
dos Santos, Phys. Rev. D 82, 125006 (2010).
[28] F.R. Klinkhamer and M. Schreck, Nucl. Phys. B 848, 90
(2011).
[29] F.R. Klinkhamer and M. Schreck, Nucl. Phys. B 856,
666 (2012).
[30] M. Cambiaso, R. Lehnert, R. Potting, Phys. Rev. D
85,085023 (2012).
[31] R. Casana, M. M. Ferreira Jr, R. P. M. Moreira, Eur.
Phys. J. C 72, 2070 (2012).
[32] H. Belich, M. M. Ferreira, J.A. Helaye¨l-Neto, M.T.D.
Orlando, Phys. Rev. D 68, 025005 (2003).
[33] L.H.C. Borges, F.A. Barone, J. A. Helaye¨l-Neto, Eur.
Phys. J. C 74, 2937 (2014).
[34] Q.G. Bailey and V. A. Kostelecky´, Phys. Rev. D 70,
076006 (2004).
[35] R. Casana, M. M. Ferreira Jr, A. R. Gomes, P. R. D.
Pinheiro, Eur. Phys. J. C 62, 573-578 (2009).
[36] R. Casana, M.M. Ferreira Jr, C.E.H. Santos, Phys. Rev.
D 78, 105014 (2008).
[37] L.H.C. Borges and F.A. Barone, Eur. Phys. J. C 76, 64
(2016).
[38] D. Colladay, P. McDonald, R. Potting, Phys. Rev. D 89,
085014 (2014).
[39] R. Casana, M.M. Ferreira Jr, F.E.P. dos Santos, Phys.
Rev. D 90, 105025 (2014).
12
[40] R. Casana, M.M. Ferreira Jr., and F.E.P. dos Santos,
Phys. Rev. D 94, 125011 (2016).
[41] A.G. de Lima, H. Belich and K. Bakke, Ann. Phys.
(Berlin) 526, 514 (2014).
[42] M.A. Anacleto, F.A. Brito and E. Passos, Phys. Rev. D
86, 125015 (2012).
[43] H. Belich, E.O. Silva, M.M. Ferreira Jr. and M. T.D.
Orlando, Phys. Rev. D 83, 125025 (2011).
[44] L.H.C. Borges, A. F. Ferrari, F.A. Barone, Eur. Phys. J.
C 76, 599 (2016).
[45] L.H.C. Borges and D. Dalmazi, Phys. Rev. D 99, 024040
(2019).
[46] A. Zee, Quantum Field Theory in a Nutshell, Princeton
University Press, (2003).
[47] F.A. Barone and G. Flores-Hidalgo, Phys. Rev. D 78,
125003 (2008).
[48] F.A. Barone and G. Flores-Hidalgo, Braz. J. Phys. 40,
188 (2010).
[49] L.H.C. Borges, F.A. Barone and A.F. Ferrai, EPL 122,
31002 (2018).
[50] https://physics.nist.gov/cgi-bin/cuu/Value?rydhcev
[51] https://physics.nist.gov/cgi-bin/cuu/Value?alphinv
[52] V.A. Kostelecky and N. Russell, arXiv:0801.0287v11
(2018).
[53] G.B. Arfken and H. J. Weber, Mathematical Methods for
Physicists, Academic Press (1995).
[54] P. P. Kronberg, R. V. E. Lovelace, G. Lapenta and S. A.
Colgate, APJ. Lett. 741, L15 (2011).
[55] M.F.X.P. Medeiros, F.E. Barone and F.A. Barone, Eur.
Phys. J. C 78, 12 (2018).
[56] M.F.X.P. Medeiros, Masters thesis, Federal University of
Itajuba´, 2012.
[57] A.A. Nogueira, Masters thesis, Federal University of Ita-
juba´, 2012.
[58] D.J. Griffiths, Introduction to Quantum Mechanics
(Prentice Hall, New Jersey, 1995).
[59] J.J. Sakurai, Modern Quantum Mechanics (Addison-
Wesley Publishing Company, Boston, 1994).
